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Abstract. Protein-protein interaction networks, particularly that of the
yeast S. Cerevisiae, have recently been studied extensively. These net-
works seem to satisfy the small world property and their (1-hop) degree
distribution seems to form a power law. More recently, a number of du-
plication based random graph models have been been proposed with the
aim of emulating the evolution of protein-protein interaction networks
and satisfying these two graph theoretical properties. In this paper, we
show that the proposed model of Pastor-Satorras et al. does not gener-
ate the power law degree distribution with exponential cutoff as claimed
and the more restrictive model by Chung et al. cannot be interpreted
unconditionally. It is possible to slightly modify these models to ensure
that they generate a power law degree distribution. However, even after
this modification, the more general k-hop degree distribution achieved
by these models, for k > 1, are very different from that of the yeast pro-
teome network. We address this problem by introducing a new network
growth model that takes into account the sequence similarity between
pairs of proteins (as a binary relationship) as well as their interactions.
The new model captures not only the k-hop degree distribution of the
yeast protein interaction network for all k > 0, but it also captures the
1-hop degree distribution of the sequence similarity network, which again
seems to form a power law.

1 Introduction

Protein-protein interactions play a central role in the execution of key biological
functions of a cell. Such a relationship can be summarized in a graph (network)
in which each node represents a protein and each (undirected) edge represents
an interaction. A graph including all proteins in an organism and all possible
interactions between these proteins can be called the proteome network of that
organism.

The structure of the yeast proteome network seems to reveal two interesting
graph theoretic properties [20, 35]: (i) The degree distribution of nodes (i.e. the
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proportion of nodes with degree k as a function of degree) approximates a power-
law (i.e. is approximately ck−b for some constants c, b). (ii) The graph exhibits
the small world effect.

Small world phenomena and the power-law degree distributions have previ-
ously been observed in a number of naturally occurring graphs such as commu-
nication networks [14], web graphs [1, 4, 9, 11, 21, 22], research citation networks
[29], human language graphs [15], neural nets [36] etc. These two properties can
not be observed in the classical random graph models studied by Erdös and
Rényi [13] in which edges between pairs of nodes are determined independently.
However, it is possible to generate graphs that satisfy these properties by an
iterative process that adds one new node to the graph at each step [1, 2, 6, 8,
9, 11, 21]. The new node is then connected to some b (b can be a constant or
an independent random variable) of the existing nodes, each of which is chosen
with probability proportional to its degree. Unfortunately such a preferential at-
tachment model does not capture the essence of the genome evolution and hence
can not be used to model proteome networks. According to Ohno’s model [25],
the two underlying mechanisms for genome evolution is gene duplication and
point mutations.6 Recent work, thus, has focused on random graph models that
grow via node duplications and get modified by mechanisms that emulate point
mutations.

Among these studies, the most promising one, which we call the general dupli-
cation model, was described independently in [26, 34, 7]. The general duplication
model works in iterations; in each iteration t, one existing node (representing a
gene or an associated protein) is chosen uniformly at random and is “duplicated”
with all its edges. After the duplication step, to emulate mutations, also named
as the divergence step, each edge of the new node is deleted with probability q.
This is followed by inserting edges between the new node and every other node
with probability r/t where t is the total number of nodes and r is a constant.
With the right selection of parameters q and r, the general duplication model
well approximates the degree distribution of the yeast proteome network.

The first serious study to formally analyze the degree distribution of the
general duplication model was by Pastor-Satorras et al. who, in [26], claim that
the distribution of both the general yeast proteome network and the duplication
model is a “power law with exponential cut-off”. This means that the fraction of
nodes with degree k among all nodes is independent of time and is approximated
by fk = ck−b · a−k; here a, b, c are constants. However, they make a number of
simplifying assumptions in their analysis to get this result. For instance, they
approximate the probability for generating a node with degree k by the proba-

6 After a gene duplication event, one of the genes may accumulate deleterious muta-
tions and be lost, or both copies of the gene may be retained. Two possible evolu-
tionary reasons for keeping both copies can be (i) selection for increased levels of
expression, or (ii) divergence of gene function[23, 30]. Functional divergence can be
produced through complementary degeneration [16]. Although the duplicated regions
of the genomes have been described and listed before (for instance S. Cerevisiae[31,
37]), there is no certain schema of how duplications formed the current shape of the
genomes.
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bility of duplicating a node with degree k + 1 only and subsequently deleting a
single edge. This assumption also reduces the number of singletons. They further
approximate this probability with a function linear in k.

A more recent analysis of the degree distribution of the general duplication
model, for the special case that r = 0 is given by Chung et al. [10]. As per [10],
we will refer to this special case as the pure duplication model. In contrast to [26],
Chung et al. claim that the fraction of nodes with degree k is independent of
time and is of the form fk = ck−b; here b is a function of p = 1 − q and values
of b ≤ 2 are possible for some p. The pure duplication model creates singleton
nodes, i. e. nodes that are not connected to any other node of the graph. Since,
a node can only get a new edge if one of its neighbors is copied, a singleton will
remain singleton during the whole graph generation process. Note that in this
model all non-singleton nodes form one connected component.

In a separate work, van Noort et al. [24] show that the gene coexpression
network in S. Cerevisiae have scale-free and small-world network properties.
By using the homology relations between the genes in coexpression network,
they present a model which can generate networks with similar scale-free and
small-world properties. The model starts with a number of genes which have
a number of transcription factor binding sites (TFBSs) and genes sharing a
minimum number of TFBSs considered coexpressed. At every time step each
gene can be duplicated or deleted with certain probabilities. Also, at every time
step a TFBS of a gene can be deleted or a new TFBS from another gene can
be acquired by a gene with certain corresponding probabilities. Different from
many, van Noort et al. [24] consider deleting or inserting a TFBS of the gene
which deletes a set of connections, or adds a set of links to the gene. Hence,
in their approach the connections of genes were considered with groups. Van
Noort et al. [24] claim that the model generates a degree distribution with a
slope similar to the coexpression network of S. Cerevisiae7. Additionally, average
clustering coefficient8, and shortest path length of the networks were compared.
Although these are measures to understand the topology of a network, they are
not sufficient to claim that two networks are similar at all.

There is also another study presented by Przulj et al. [28], in which a different
approach to model these networks has been studied. Przulj et al. [28] claim that
a random geometric model better captures the currently accepted protein pro-
tein interaction networks. A geometric disc graph is formed by connecting two
nodes of the graph with an edge, if their distance in the metric space is smaller
than a certain threshold. Przulj et al. [28] argue that the scale-free property of
the proteomes is a result of the noise in the available data at the moment and

7 Numerical results were not presented in [24]. Hence, the simulation results given
draws certain amount of question about how close the degree distribution, i.e. the
power-law exponent, was.

8 The clustering coefficient of a node is the ratio between the actual number of edges
between neighbors of a node and the maximum possible number of edges between
these neighbors. Average clustering coefficient of a network is the average of cluster-
ing coefficients over all units in the system. [36]
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the degree distribution of such networks should follow the Poisson distribution.
By counting the number of different motifs in the networks, they form a measure
of local network structure and using this they compare different models with the
available proteomes. According to the experiments they carry out, a three di-
mensional geometric disc graph with same number of nodes but six times larger
edge count has similar number of motifs as the proteomes they worked on. Al-
though, the network motifs considered capture local properties of the networks,
in their work, Przulj et al. [28] (i) do not take into account Ohno’s Theory [25]
which states that, the proteome network should be generated through a process,
which attributes the genome sequence growth and evolution to subsequent gene
duplications followed by mutations on the gene sequences, (ii) do not consider
global properties of the networks before drawing conclusions, such as the aver-
age degree or the degree distribution. Moreover, the work presented has vague
descriptions on how scale free networks are formed. For instance, there are many
models available that can generate scale free networks, but not every scale free
network necessarily is generated by emulating proteome network growth i.e. du-
plication and divergence.

The most recent study that was presented by Ispolatov et al. [18] focuses
on duplication-divergence models with completely asymmetric divergence. In a
completely asymmetric divergence process, links are removed from the dupli-
cated node only. In their study, Ispolatov et al. examines this model where the
evolution is characterized by a single parameter, the link retention probability.
They claim that, this single-parameter duplication-divergence network growth
model can approximate the degree distribution of real protein-protein interac-
tion networks. Although their model generates similar degree distributions, in
reality the network lacks the local structure similarity. For instance, this model
would not generate any triangular subgraphs (a clique of three in the network)
since the duplication would generate cycles of even length or degree one nodes.
However, cycles of any size exists in vast numbers in the real proteome network.

In most of these studies the protein-protein interactions identified by high-
throughput yeast two-hybrid screens or inferred from mass spectrometry of coim-
munoprecipitated protein complexes were considered. However, analysis based on
the agreement of the interaction and expression data show that almost less than
half of these interactions are biologically relevant [12]. In a recent study, Han et
al. [17] showed that low coverage makes determination of the true topology of the
network difficult. Han et al. also showed that sampling the real network through
these experiments (since the experiments only reveal partial networks), regard-
less of the topology of the network that we are looking for, the topology of the
sub network that is sampled would have a degree distribution similar to a power
law. In other words, according to these experiments, it is not clear whether the
proteome network has a power law degree distribution or not. However, in this
paper, we assume that the proteome network should be generated through a pro-
cess, which attributes the genome sequence growth and evolution to subsequent
gene duplications followed by mutations on the gene sequences. Previously, it
has been been shown that this process would generate a network with power-law
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degree distribution [26, 34, 7]. Moreover, we show that the degree distribution
of the general duplication model is a power law.

We can summarize our contributions as follows. (i) We show that the degree
distribution of the pure duplication model (r = 0) cannot be a power law as
stated in [10]. (ii) We show that the degree distribution of the general duplication
model can not be a power law with exponential cut-off as stated in [26]. In fact,
for r > 0, it is simply a power law. It is also possible to slightly modify the
pure duplication model so that it achieves a power law degree distribution but
these details are left to a more complete version of the paper [5] due to space
limitations. (iii) The (1-hop) degree distribution of a graph is the distribution of
nodes with degree k as a function of k. A more general notion is the `-hop degree
distribution which is defined to be the distribution of nodes that can reach k
nodes in at most `-hops as a function of k. We observe in this paper that the
general duplication model does not capture the `-hop degree distribution of the
yeast proteome network for ` > 1. (iv) We describe a new model that takes into
account the sequence similarity between protein pairs as a binary relationship in
addition to their interactions. Our model accurately captures the `-hop degree
distribution of the yeast proteome network for all ` > 0 and yields a good
approximation to the degree distribution of the sequence similarity network.

Our specific contributions are as follows. We first show in Section 2 that
the (expected) proportion of singletons generated by the pure duplication model
(r = 0) grows in time. In fact, the only limiting (time independent) solution is
f0 = 1 and fk = 0 for all k > 0. Note that for the case p = q = 0.5 the average
degree of nodes in the pure duplication model does not change over time (see
Lemma 3). Together with the fact that the fraction of singletons increases in
time, this implies that (i) the average degree of non-singletons must increase in
time and (ii) there is a single connected component of size o(t) with increasing
average degree. It is quite possible that this connected component of the network
generated by the pure duplication model exhibits a power law with parameter
b ≤ 2, however this is difficult to establish.

In the rest of Section 2, we show that the degree distribution of the general
duplication model (in fact, any random model based on duplications) is not
a power law with exponential cut-off as claimed in [26]. We achieve this by
showing a bound for the maximum degree of the general duplication model and
contrasting it with that of a network which exhibits power law with exponential
cut-off.

In [5] we proved that the general duplication model for r > 0 and a slightly
modified version of the pure duplication model indeed achieve a power law de-
gree distribution as per the yeast proteome network. (Due to space limitations
we omit these proofs.) However, a more general measure for capturing the topo-
logical properties of a network is the `-hop degree distribution for all ` > 0.
Under this measure (for ` > 1), we show that the (modified) general duplication
model is quite different from the yeast proteome network.

In Section 3, we finally present our sequence similarity enhanced model which
is based on the observation that the interactions of sequence-wise similar pro-
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teins are highly correlated. The model thus employs sequence similarity edges
between pairs of nodes/proteins to better capture the mechanisms for updat-
ing the interactions after a duplication event. Our model not only captures the
degree distribution of the yeast proteome network but also yields a much bet-
ter approximation to its `-hop degree distribution for ` > 1. Moreover we have
observed that the average clustering coefficients of networks generated by this
model and the original proteome network are almost equal to each other.

1.1 Preliminaries

We first define the general duplication model formally. The general duplication
model grows iteratively in discrete time steps. Let G(t − 1) be the network at
the end of time step t− 1. In time step t exactly one new node is generated and
will be denoted as vt . For any node vs, we will denote its degree (or expected
degree if the context is clear) at time step t ≥ s by ds(t).
(i) At each time step t, the new node vt is generated by picking one of the nodes
w in G(t− 1) uniformly at random and “duplicating” it to create vt; i. e. vt will
initially be connected to all neighbors of w.
(ii) The edges incident to vt are updated through the following random process.
Each edge e is considered independently and is deleted with probability q (=
1−p). Then, each node u which is not connected to vt is considered independently
and an edge between u and vt is created with probability r/t.

As mentioned earlier, when r = 0 we have the pure duplication model; we
show in the next section that it can not achieve a power law degree distribution
as stated in [10]. To address this problem the pure duplication model can be
modified via a new step (3) where vt is connected to a uniformly chosen random
node (either at all times or only if it had become a singleton at the end of step
(2)). As a result, vt never has degree 0.

Let F k(t) denote the number of nodes of degree k at the end of step t in the
random process and let F (t) = (F 0(t),F 1(t), · · ·) be the degree sequence. Also
let Fk(t) = EF k(t) be the expected value, and fk(t) = Fk(t)/t the expected
fraction of nodes of degree k. Finally let e(t) be the number of edges in G(t) and
e(t) = Ee(t); similarly let h(t) be the average degree of a node (averaged over
all nodes) in G(t), and h(t) = Eh(t). We say a model has a power law degree
sequence if we can find b, c > 0 constant such that fk(t) → fk as t → ∞ where
fk = (1 +O(1/k))ck−b.

2 On the General Duplication Model

This section is on the previous studies on the analysis of the general duplication
model. We first show in Section 2.1 that the fraction of singletons in the pure
duplication model grows with time in such a way that F0(t) → t is the only
consistent limiting solution. This implies that, unless fk = 0 for k ≥ 1 then
Fk(t) 6= tfk, where fk is a time independent solution for the limiting proportion
of nodes of degree k. In fact, for the particularly interesting case that p = q =
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1/2, we show that the expected number of non singletons at time step t is
between O(

√
t) and O(t/ log log t). This contradicts the assumption in Eqn(6)

of [10]. Thus, without some modification, the pure duplication model of [10]
cannot have a power law degree distribution in the form Fk(t) ∼ ctk−b for any
constants c, b.

Section 2.2 is on the analysis in [26] which predicts the general duplication
model to have a degree distribution of the form ‘power law with exponential
cut-off’; i. e. there exists constants a, b, c such that, as t→∞, we have fk(t) ∼
ck−ba−k for k →∞. We show that this cannot be true by demonstrating that the
expected maximum degree for a power law with exponential cut-off is O(log t)
whereas the general duplication model has expected maximum degree of Ω(tp).

2.1 Properties of the pure duplication model

Lemma 1. The expected proportion of singletons, f0(t), in the pure duplication
model is a non-decreasing function of t and tends to a limit f0 ≤ 1. If also we
have that fk(t)→ fk for k ≥ 1 then f0 = 1 and fk = 0 for k ≥ 1.

Proof. We have the following recurrence for singletons in the pure du-
plication model:

F0(t+ 1) = F0(t) +
∑

k≥0

Fk(t)qk

t
.

Thus writing Fk(t) = tfk(t) we have

(t+ 1)(f0(t+ 1)− f0(t)) =
∑

k≥1

fk(t)qk ≥ 0,

and we see that f0(t + 1) ≥ f0(t). As f0(t) ≤ 1 it follows that f0(t) → f0 ≤ 1
from below as t→∞.

Suppose next that for some k ≥ 1, k constant, fk(t) → fk > 0, then∑
k≥1 fkq

k = c > 0. Thus there exists T such that for t ≥ T ,
∑
k≥1 fk(t)qk ≥

c/2 > 0 and

f0(t+ 1) ≥ f0(t) +
c

2(t+ 1)
.

Iterating this we get

f0(t) ≥ c

2
log t/T +O(1/T ) + f0(T )

i. e. , f0(t) > 1 for t large enough, which is impossible.
2

This lemma excludes the existence of power law solutions fk ∼ ck−b for finite
k ≥ 1 (which are suggested in [10]), but we cannot exclude non-limiting degree
distributions by this argument.

It is possible to obtain a tighter estimate on the proportion of singletons
in the network for the particularly interesting case that p = q = 1/2. As per
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Lemma 3 (see below), this case preserves the (expected) average degree of the
nodes throughout the generation of G(t). Thus, e(t) = e(0) · t ( where e(0) is the
number of edges of G(0)).

Lemma 2. Consider the case q = 1/2. Let F+(t) = t − F 0(t), the number
of non-singleton nodes at time t and F+ = EF+. Then, there are constants
c1, c2 > 0 such that c1

√
t ≤ F+(t) ≤ c2t/ log log t.

Proof. We have the following recurrence:

F+(t+ 1) = F+(t) +
1

t

∑

k≥0

Fk(t)(1− (1/2)k) (1)

Thus:

F+(t+ 1) = F+(t) +
F+(t)

t
− F+(t)

t

∑

k≥1

Fk(t)

F+(t)

1

2k
(2)

As F1(t) ≤ F+(t), one can easily check F+(t) ≥ F+(0)
√
t giving the lower

bound.
Now let g(k) = 1/2k, which is convex and thus for any set of λk for which∑
λk = 1, we must have

∑
λkg(k) ≥ g(

∑
kλk). Now pick λk = Fk(t)

F+(t) . We have∑
kFk(t) = 2e(t) = 2e(0)t. Thus:

∑

k≥1

Fk(t)

F+(t)

(
1

2

)k
≥
(

1

2

)2e(t)/F+(t)

(3)

By substituting (3) into (2) and using e(t) = e(0)t we get:

F+(t+ 1) ≤ F+(t) +
F+(t)

t

(
1−

(
1

2

)2e(0)t/F+(t)
)
.

This is only satisfied if F+(t) ≤ c2t/ log log t. This can be verified as follows.
Let c2 = 4e(0) log 2. Either F+(t) ≤ c2t/ log log t, or if not we can substitute this
lower bound into the exponent on the right hand side and iterate the recurrence
on t to obtain a contradiction. 2

Lemma 3 (below) states that the expected number of edges is e(t) = ct2p and
consequently the expected average degree is h(t) = 2ct2p−1. Thus for p < 0.5 the
average degree decreases over time and for p > 0.5 it increases. Only for p = 0.5
the average degree remains constant; however as the proportion of singletons is

≥ 1−O
(

1
log log t

)
due to Lemma 2, the average degree of non-singletons (which

all form a single connected component) is ≥ c log log t.

Proposition 1. The power law exponent b in [10] is given by the solution of
1 = bp − p + pb−1 and has the value 2 when p = 1/2. This is incompatible with
e(t) = 2e(0)t unless the connected component is of size o(t).
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To see this, recall that
∑
kFk(t) = 2e(t). Under the assumption that we have a

power law degree distribution at p = 1/2, then Fk(t) ∼ ck−2t and

e(t) =
ct

2

∑

k≥1

(
1 +O

(
1
k

))
k−1.

However
∑k∗

k=1 k
−1 diverges as k∗ →∞, and we cannot have e(t) = 2e(0)t, unless

we truncate k∗ at a finite value. Lemma 4 (below) sets the expected maximum
degree in the pure model at Ω(tp), and the power law assumption itself is not
compatible with k∗ being finite.

It is however still possible that a power law with exponent b = 2 holds for the
connected component C. Putting k∗ = O(t1/2) we see that

∑
k−1 = O(log t)

which gives e(t) = 2e(0)t provided |C| = O(t/ log t), in accordance with the
results of Lemma 2.
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Fig. 1. Percentage of singletons in the pure duplication model as function of time (each
curve is for a different value of p)

Lemma 3. The expected total number of edges and the expected average degree
of nodes at step t satisfy

e(t) ∼ e(0)t2p and h(t) ∼ h(0)t2p−1

Proof. The number of edges at time t + 1 in terms of the number of
edges at time t is

E(e(t+ 1) | e(t)) = e(t) +
1

t

∑

s≤t
pds(t).
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The first term is trivial; the second term is obtained by considering the
possibility that each given node vs is duplicated at time t; then pds(t) would be
the expected number of its edges retained. Because the sum of the degrees of all
nodes is twice the number of edges, we have, taking expectations again, that

e(t+ 1) =
(

1 + 2
p

t

)
e(t)

which has a solution e(t) ∼ e(0)t2p. 2

Figure 2.1 shows the percentage of the singletons in the network over the
time for different values of p. The model was run until 1000000 non-singleton
nodes were created. The plot uses a linear scale on the y-axis (percentage of
singletons) and a logarithmic scale on the x-axis (running time).
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Fig. 2. Average degree of non-singleton nodes in the pure duplication model as function
of time (each curve is for a different value of p)

Figure 2.1 shows the average degree over time for different values of p. Again,
the model was run until 1000000 non-singleton nodes were created. The average
degree of the network increases by time and the larger the value of p is, the
larger is the increases of the average degree.

2.2 On the degree distribution of the general duplication model

The next lemma shows that the degree distribution of the general duplication
model can not be a power law with exponential cut-off as suggested in [26].

Lemma 4. Let a, b, c > 0 be constants. The degree distribution of the general
duplication model cannot be in the form Fk(t) ∼ ctk−ba−k as claimed in [26].
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Proof. Denote by kmax, the expected maximum degree in G(t). Assume
an exponential cut-off i. e. Fk(t) ∼ tck−ba−k. Then

∑
k≥k0

Fk(t) = o(1) for
k0 > log t/ log a, and so kmax = O(log t/ log a).

On the other hand consider the expected degree of the node vs at time t+ 1,
which is a non-decreasing function of t. Even in the worst case situation (r = 0)
we have:

ds(t+ 1) = ds(t) +
ds(t)

t
p (4)

as the degree of vs can only increase if one of its neighbors is picked at time t
and the edge is retained. Thus:

ds(t+ 1) = ds(t)
(

1 +
p

t

)
= ds (s)

(
1 +

p

s

)
·
(

1 +
p

s+ 1

)
. . .
(

1 +
p

t

)

Since log(1 + x) = x−O(x2) we have

exp

(
t∑

τ=s

log(1 + p/τ)

)
∼ exp

(
p

t∑

τ=s

1/τ

)
= ep log(t/s)

which implies that ds(t + 1) = Ω(ds(s)(t/s)
p) and that kmax = Ω(tp) contra-

dicting the claim. 2

We finally prove that for r > 0 there are no degenerate limiting solutions of
the form f0 = 1, fk = 0, k ≥ 1 for the general model of [26].

Lemma 5. For any r > 0 constant, the general model does not have a degener-
ate limiting solution of the form f0 = 1, fk = 0, k ≥ 1.

Proof. We have the following recurrence for the expected number of sin-
gletons:

F0(t+ 1) = F0(t) +
∑

k≥0

Fk(t)

t
qk
(
1− r

t

)t − r

t
F0(t).

Assuming the existence of a limiting solution Fk(t) = fkt we have (after taking
limits):

(1 + r − e−r) · f0 = e−r
∑

k≥1

fkq
k.

If f0 = 1 then
∑
k≥1 fkq

k = 0, but 1 + r − e−r > 0 for r > 0 contradicting this.
2

3 An Enhanced Duplication Model Based on Protein
Sequence Similarity

The general duplication model well approximates the degree distribution of the
yeast proteome network as observed previously in [26]. (In fact, we have shown
in [5] that this degree distribution is simply a power law for r > 0; due to space
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limitations this proof is omitted.) In Figure 3 we compare the degree distribu-
tion of the yeast proteome network from the Database of Interacting Proteins
(DIP) [38] 9 to that of the (modified) general duplication model with the best fit-
ting 10 parameters p = 0.465 and r = 0.08. Although the DIP database is incom-
plete and includes several interactions which are not commonly observed, it still
provides the most comprehensive protein-protein interaction data for the yeast
S.Cerevisiae. As observed earlier, the degree distribution of the yeast proteome
network is very similar to that of the general model with the above parameters.
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Fig. 3. The degree distribution of the proteome interaction network of the yeast and
that of the general model with parameters q = 0.535, r = 0.08

The degree distribution is one possible measure for testing the structural
similarity of two networks. Unfortunately structurally very different networks can
have identical degree distributions. For example in an (infinite) 2-dimensional
grid all nodes have degree 4, similar to a collection of cliques of size 5. The
grid obviously forms a single connected component whereas the 5-cliques are
not connected at all. Thus it is desirable to use additional measures for testing
the similarity of two networks more accurately.

A more refined measure of structural similarity is achieved by comparing
the `-hop degree distribution of the general duplication model and the yeast
proteome network. In a given network, the `-hop degree of a node is defined to
be the total number of unique nodes it can reach in at most ` hops. Clearly the
1-hop degree of a node is its own degree.

9 The DIP yeast data has ≈15000 interactions among 6700 known yeast proteins. The
DIP network has only 4700 of the proteins present in the network, which also means
that there are about 2000 singletons in the network.

10 For all plots, the fits were achieved by calculating the average slope in both curves.
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In Figure 8 we plot the average `-hop degree of nodes as a function of their
degree, both for the general duplication model and the yeast proteome network.
By definition, the 1-hop degree distribution is a straight line with slope 1. Notice
that for ` > 2 the `-hop degree distribution of the yeast proteome network is
very different from that of the general duplication model. In fact, for ` > 2, the
number of nodes that can be reached by a typical node in the yeast proteome
network is much higher than that observed in the general duplication model.
We observed this qualitative difference for the general duplication model with
all parameter choices we tested.

In order to capture the `-hop degree distribution of the yeast proteome net-
work for ` > 2, we develop a more refined model that aims to emulate the diver-
gence mechanisms in proteome network evolution more accurately. This model,
which we call the sequence similarity enhanced model, exhibits a degree distri-
bution very similar to that of the yeast network while also capturing its `-hop
degree distribution as seen in Figure 8. We provide the details of our enhanced
model in the next section.

3.1 Sequence Similarity Distribution in the Yeast Proteome

A mathematical model for capturing proteome network evolution should take
into account Ohno’s theory, which attributes the genome sequence growth and
evolution to subsequent gene duplications followed by mutations on the gene
sequences. The general duplication model implements gene duplications through
a uniformly random node selection process. The mutations are implemented
through random edge deletions and insertions. A more refined mutation model
may take into account the sequence composition of genes and their associated
proteins, and also their pairwise similarity levels.

Given two protein sequences A and B, one way to measure their similar-
ity level through the use of their global alignment score S(A,B) based on the
BLOSSOM62 scoring matrix - the default scoring matrix for the best used pro-
tein alignment tools. The normalized similarity score of A and B can then be
defined as

SN(A,B) =
S(A,B)

S(A,A) + S(B,B)− S(A,B)
.

Clearly SN(A,A) = 1 = 100%. Note that 1 − SN(A,B) forms a metric, which
turns out to be quite useful for our purposes.

Once the similarity between two proteins is determined via the above mea-
sure, one can depict how protein sequences relate to each other by plotting the
distribution of their pairwise similarities. Such plots are provided for the yeast
proteome in Figures 3.1, 5. The yeast genome was downloaded from Saccha-
romyces Genome Database[3] and the pairwise alignment of the ≈ 6700 protein
coding sequences were computed via FASTA align[27] with default parameters.
In Figure 3.1 we display the number of protein pairs whose normalized similarity
score is in the range x% + 0.05 for varying values of x. One can observe that the
pairwise similarity distribution has a peak value at ∼ 50% followed by a very
sharp drop.
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Fig. 4. Distribution of sequence similarity between pairs of yeast proteins (granularity:
0.1%)

The same distribution is depicted in a different perspective in Figure 5. Here
the number of protein pairs whose normalized similarity score is at least x% is
plotted for x ∈ [20, 100]. Observe that most pairs have a similarity score below
a threshold value ∼ 50% and comparatively very few pairs have a similarity
score above that threshold value. The step function behavior of the normalized
similarity score suggests that the pairs of proteins can be divided into two classes:
protein pairs which are similar are the ones whose similarity scores are above
the threshold; the other protein pairs are dissimilar.

Through an investigation of the the yeast proteome network we observed
that sequence-wise “similar” proteins have similar interaction patterns.

More specifically, we considered all pairs of proteins A,B for which there is
another protein C that is sequence-wise similar to A and which interacts with
C. Among these protein pairs, the frequency of those which interact is 21 times
the frequency of protein pairs that interact among all protein pairs.

Observation 1 Given three proteins A,B,C, if A and B are sequence-wise
similar and A interacts with C, then the chance that B interacts with C is ∼ 21
times of that between arbitrary pair of proteins.

Another observation we made was on the correlation between sequence sim-
ilarities of protein triplets:

Observation 2 Given three proteins A,B,C, if A−B and B−C are pair-
wise similar, then with ∼ 65% chance A− C are similar.

This observation is not very surprising as the normalized similarity score above
forms a metric and the number of protein pairs whose similarity score is above
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Fig. 5. Aggregate distribution of sequence similarity between yeast protein pairs. (ag-
gregation performed from right to left).

the threshold value is distributed uniformly over the range [50%− 100%]. Nev-
ertheless it will be quite useful in establishing our enhanced proteome growth
model which we describe in the next section.

3.2 Enhanced Model Based on Sequence Similarity

Based on our observations on the sequence similarity and its implications on
protein-protein interactions we develop a more refined network generation model
below. Our new model, which we call the sequence similarity enhanced model,
modifies the step for updating the interaction edges of a duplicated node through
the use of additional edges indicating sequence similarity. Thus the new model
has two types of edges: interaction edges connecting proteins that interact with
each other, and sequence similarity edges connecting proteins that are similar.

As per the general duplication model, our sequence similarity enhanced model
works in discrete time steps. Let G(t−1) be the network at the end of time step
t − 1. At each time step t, a new node vt is generated, again by picking one of
the nodes w in G(t− 1) uniformly at random and “duplicating” it to create vt;
i. e. vt will initially be connected to all similarity neighbors and the interaction
neighbors of vt. The new node vt will also be connected to w by a similarity
edge. The following random process updates the similarity edges of vt:

1. The similarity edge between vt and w is deleted with probability δ.
2. Each remaining similarity edge is considered independently and is deleted

with probability q′ (= 1− p′).
3. For each pair of similarity edges (vt, u) and (u, u′), a similarity edge (vt, u

′)
is created with probability (p′)2.

Now the interaction edges of vt are updated:
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1. Each interaction edge is considered independently and is deleted with prob-
ability q (= 1− p).

2. For each node u, which is not initially connected to vt, a new edge (u, vt) is
created independently with probability r/t.

3. For each interaction edge (vt, u) and each similarity edge (u, u′), a new in-
teraction edge (vt, u

′) is created with probability .03 (∼ 21 times the chance
of having an interaction edge between an arbitrary pair of nodes - following
Observation 1).
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Fig. 6. The degree distribution of the proteome sequence similarity network of the
yeast and that of the enhanced model with parameters δ = 0.7 and p′ = 0.225

At the time of duplication, vt and w are sequence-wise identical and thus
each similarity edge (u,w) is duplicated as (u, vt). Step (i) of the similarity
edge update process maintains the edge (w, vt) with probability 1− δ. Here, the
parameter δ is the measure of divergence. In other words, the mutation events
that occured after the duplication event are reflected on the new edge by the
deletion parameter delta. Step (ii) maintains every other similarity edge (u, vt)
with probability p′. Finally, Step (3) imposes Observation 2 on the constructed
network. The interaction edge update process, in particular Steps (i) and (ii),
works similar to that in the general duplication model. The only difference is in
Step (iii) where similarity edges are used to update interaction edges in order to
impose Observation 1 on the constructed network.

The sequence similarity edges in the network are determined by two param-
eters, δ and p′. It is possible to estimate the values of δ and p′ in the Yeast
proteome network by fitting the sequence similarity degree distribution of the
model with the sequence similarity degree distribution of the yeast proteome
network. The best fitting sequence similarity degree distribution is achieved for
δ = 0.7 and p′ = 0.225 and is given in Figure 6.
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Fig. 7. The degree distribution of the proteome interaction network of the yeast and
that of the enhanced model with parameters q = 0.6, r = 0.1, δ = 0.7 and p′ = 0.225.

Based on the above values of δ and p′, it is possible to estimate the other two
parameters, r and p that determine the interaction edges. The best fitting inter-
action degree distribution of the model to that of the yeast proteome network is
achieved at q = 0.6 and r = 0.04 and is given in Figure 7.

The average clustering coefficients of the Yeast proteome network, the general
model and the enhanced model can be seen in Table 1. The average clustering co-
efficients for the models are calculated using the resulting networks that have the
best fitting degree distributions with the Yeast proteome network. In Figure 8,

Table 1. The average clustering coefficients of the DIP Data, and the models

Clustering Coefficient

DIP Data 0.39

General Model 0.33± 0.01

Enhanced Model 0.37± 0.01

we finally compare the `-hop degree distributions of the sequence similarity en-
hanced model, the general duplication model, and the yeast proteome network.
Our sequence similarity enhanced model accurately captures the `-hop degree
distribution of the yeast proteome network for all values of `.

4 Conclusion

The paper first shows that the degree distribution of the pure duplication model
(r = 0) cannot be a power law as stated in [10]. Then it shows that the degree
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duplication model, and (iii) the sequence similarity enhanced model. A typical node
reaches all nodes in the network in 7 hops, thus `-hop degree distribution for ` ≥ 7 is
not very meaningful.

distribution of the general model can not be a power law with exponential cut-
off as stated in [26]. These two problems have been addressed in [5] where the
general duplication model for r > 0 is established to have a power law degree dis-
tribution. Unfortunately, in this paper, we observe that the general duplication
model does not capture the more general `-hop degree distribution of the yeast
proteome network for ` > 1. Thus, a new model, which takes into account the
sequence similarity between protein pairs as a binary relationship, in addition to
their interactions is introduced. This new model is shown to accurately capture
the `-hop degree distribution of the yeast interaction network for all ` > 0 in
addition to yielding a good approximation to the degree distribution of the yeast
similarity network.
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